Abstract We determine the minimum Wehrl entropy among the quantum states with a given von Neumann entropy, and prove that it is achieved by thermal Gaussian states. This result determines the relation between the von Neumann and the Wehrl entropies. The key idea is proving that the quantumclassical channel that associates to a quantum state its Husimi Q representation is asymptotically equivalent to the Gaussian quantum-limited amplifier with infinite amplification parameter. This equivalence also permits to determine the p → q norms of the aforementioned quantum-classical channel in the two particular cases of one mode and p = q, and prove that they are achieved by thermal Gaussian states. The same equivalence permits to prove that the Husimi Q representation of a one-mode passive state (i.e. a state diagonal in the Fock basis with eigenvalues decreasing as the energy increases) majorizes the Husimi Q representation of any other one-mode state with the same spectrum, i.e. it maximizes any convex functional.
Introduction
The Husimi Q representation [20] is a probability distribution in phase space that describes a quantum state of a Gaussian quantum system, such as an harmonic oscillator or a mode of electromagnetic radiation [2, 24] . It coincides with the probability distribution of the outcomes of a heterodyne measurement [29] performed on the state. This measurement is fundamental in the field of quantum optics. It is used for quantum tomography [6] , and it lies at the basis of an easily realizable quantum key distribution scheme [31, 32] . The Husimi Q representation is also used to study quantum effects in superconductors [4] .
The Wehrl entropy [33, 34] of a quantum state is the Shannon differential entropy [7] of its Husimi Q representation. It is considered as the classical entropy of the state, and it coincides with the Shannon differential entropy of the outcome of a heterodyne measurement performed on the state.
While the von Neumann entropy of any pure state is zero, this is not the case for the Wehrl entropy. E. Lieb proved [5, 25] that the Wehrl entropy is minimized by the Glauber coherent states [1, 15, 22, 23, 30] , with a proof based on some difficult theorems in Fourier analysis. This result has then been generalized to symmetric SU (N ) coherent states [26, 27] . It has also been proven [14, 19, 26] that the Husimi Q representation of coherent states majorizes the Husimi Q representation of any other quantum state, i.e. it maximizes any convex functional.
Let us now suppose to fix the von Neumann entropy of the quantum state. What is its minimum possible Wehrl entropy? We determine it and prove that it is achieved by the thermal Gaussian state with the given von Neumann entropy (Theorem 7). This result determines the relation between the von Neumann and the Wehrl entropies. The key idea is proving that the quantumclassical channel that associates to a quantum state its Husimi Q representation is asymptotically equivalent to the Gaussian quantum-limited amplifier with infinite amplification parameter (Theorem 4). We can then link this equivalence to the recent results on quantum Gaussian channels [9] [10] [11] [12] [13] 16] , noncommutative generalizations of the theorems in Fourier analysis used in Lieb's original proof. This link also permits to determine the p → q norms of the aforementioned quantum-classical channel in the two particular cases of one mode and p = q, and prove that they are finite for 1 ≤ p ≤ q, infinite for p > q ≥ 1, and in any case achieved by thermal Gaussian states (Theorem 6). Moreover, the same link implies that the Husimi Q representation of a onemode passive state (i.e. a state diagonal in the Fock basis with the eigenvalues decreasing as the energy increases) majorizes the Husimi Q representation of any other one-mode state with the same spectrum, i.e. it maximizes any convex functional (Theorem 5).
The paper is structured as follows. section 2 introduces Gaussian quantum systems and Gaussian quantum states, and section 3 introduces the Husimi Q representation. section 4 defines the Gaussian quantum-limited amplifier and presents the recent results on quantum Gaussian channels needed for the proofs. section 5 presents our results, that are proved in section 6, section 7, section 8 and section 9. section 10 draws the conclusions. Appendix A defines the Gaussian quantum-limited attenuator, that is needed for some of the proofs. Appendix B contains some auxiliary theorems and lemmas.
Definition 1 (Husimi Q representation) The Husimi Q representation of a quantum stateρ is the probability distribution on phase space of the outcome of an heterodyne measurement performed onρ, with density
Definition 2 (Wehrl entropy) The Wehrl entropy of a quantum stateρ is the Shannon differential entropy of its Husimi Q representation
4 The Gaussian quantum-limited amplifier
The M -mode Gaussian quantum-limited amplifier A ⊗M κ with amplification parameter κ ≥ 1 performs a two-mode squeezing on the input stateρ and the vacuum state of a M -mode ancillary Gaussian system B with ladder operatorŝ
The squeezing unitary operator
acts on the ladder operators aŝ
The Gaussian quantum-limited amplifier preserves the set of thermal Gaussian states, i.e. for any 0 ≤ z < 1
We now recall the latest results on quantum Gaussian channels, on which the proofs of Theorem 5, Theorem 6 and Theorem 7 are based. The proof of Theorem 5 is based on Definition 3 (Passive rearrangement [10] ) The passive rearrangement of the quantum statê
The Wehrl entropy has Gaussian optimizers 5 of a one-mode Gaussian quantum system is the state with the same spectrum with minimum average energy, i.e.
We say thatρ is passive ifρ =ρ ↓ , i.e. ifρ is diagonal in the Fock basis with eigenvalues decreasing as the energy increases.
Theorem 1 ( [10])
For M = 1, the output generated by a passive input state majorizes the output generated by any other input state with the same spectrum, i.e. for any quantum stateρ and any convex function f :
Remark 1 Theorem 1 does not hold for M > 1 [8] .
The proof of Theorem 6 is based on the following conjecture, that has been proven in some particular cases [9, 13, 14, 16, 19] .
Definition 4 (Schatten norm [17, 28] ) For any p ≥ 1 the Schatten p norm of the positive semidefinite operatorÂ is
Conjecture 2 For any κ ≥ 1 and any p, q ≥ 1 the p → q norm of A ⊗M κ is achieved by thermal Gaussian states, i.e. for any quantum stateρ
Remark 2 Conjecture 2 has been proven in Ref. [9] for M = 1, in Refs. [13, 16] for p = q and any M , and in Refs. [14, 19] for p = 1 and any M . For p = 1, the supremum in (20) is achieved by the vacuum state, i.e. in z = 0. For p = q, the supremum in (20) is asymptotically achieved by the sequence of thermal Gaussian states with infinite temperature, i.e. for z → 1.
The proof of Theorem 7 is based on the following fundamental result.
Theorem 3 ( [11])
Thermal Gaussian states minimize the output von Neumann entropy of the one-mode Gaussian quantum-limited amplifier among all the input states with a given entropy, i.e. for any quantum stateρ
with g as in (5), and where S(ρ) = −Tr [ρ lnρ].
Main results
We start with the asymptotic equivalence between the Husimi Q representation and the Gaussian quantum-limited amplifier, the key idea of the proofs of the other results.
Theorem 4 (Husimi-amplifier equivalence) The quantum-classical channel that associates to a quantum state its Husimi Q representation is asymptotically equivalent to the Gaussian quantum-limited amplifier with infinite amplification parameter, i.e. for any quantum stateρ and any real convex function
Proof See section 6.
Remark 3 Since for any quantum stateρ
and from Lemma 5
the function f in Theorem 4 needs to be defined in [0, 1] only.
Theorem 5 (majorization) For M = 1, the Husimi Q representation of a passive state majorizes the Husimi Q representation of any other state with the same spectrum, i.e. for any quantum stateρ and any real convex function
Proof See section 7.
Remark 4 We state Theorem 5 for M = 1 only since its proof relies on Theorem 1, that does not hold for M > 1.
Theorem 6 (p → q norms) Assuming Conjecture 2, for any 1 ≤ p ≤ q the p → q norm of the quantum-classical channel that associates to a quantum state its Husimi Q representation is achieved by thermal Gaussian states, i.e. for any M -mode quantum stateρ
where
The supremum in (26) and hence the p → q norm are finite if 1 ≤ p ≤ q, and infinite if p > q ≥ 1.
The Wehrl entropy has Gaussian optimizers 7
Proof See section 8.
Remark 5 We recall that Conjecture 2 has been proven for M = 1, for p = 1 and any M , and for p = q and any M .
Finally, here is the main result of this paper, that determines the relation between the von Neumann and the Wehrl entropies.
Theorem 7 (Wehrl entropy has Gaussian optimizers) The minimum Wehrl entropy among all the quantum states with a given von Neumann entropy is achieved by thermal Gaussian states, i.e. for any quantum stateρ
with g defined in (5).
Proof See section 9.
Proof of Theorem 4
Let us first prove that
The proof is based on the following:
Theorem 8 (Berezin-Lieb inequality [3])
For any trace-class operator 0 ≤Â ≤Î and any convex function f :
Proof Let us diagonalizeÂ:
where we have applied Jensen's inequality to f and we have noticed that the completeness relation for the set {|ψ n } n∈N implies for any
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It follows that
where we have used that for the completeness relation (8) for any n ∈ N
From Lemma 5 we have 0
where we have used Lemma 4. The claim (29) then follows taking the limit κ → ∞.
Let us now prove that
The proof follows from the following: 
Proof See e.g. [14] , Appendix B.
Let us define the measure-reprepare channel
We can apply Theorem 9 to
The Wehrl entropy has Gaussian optimizers 9
We have
We define for any z ∈ C M the displacement operator [2]
that acts on coherent states aŝ
Let us define the channel
Lemma 1 For any κ ≥ 1
Proof It is sufficient to prove that
(ρ) have the same Husimi Q representation for any quantum stateρ. Let us fix w ∈ C M . On one hand we have from (39) and (7)
On the other hand we have from Lemma 4 and Eqs. (45) and (44)
Lemma 2 For any quantum stateρ
Proof We have from (45)
The integrands are dominated by
and from Lemma 6
The claim then follows from the dominated convergence theorem.
We have from Klein's inequality applied toÂ
From the contractivity of the trace norm under quantum channels and from Lemma 2 we get lim sup
and the claim (37) follows.
Proof of Theorem 5
From Theorem 4
From Theorem 1
We then have
8 Proof of Theorem 6
Choosing f (x) = x q in Theorem 4 we get
Conjecture 2 then gives
(59) We can compute from (3) for any 0 ≤ z < 1 and any p ≥ 1
We have from (15) and (60) for any 0 ≤ z < 1 and any κ ≥ 1
From (58) withρ =ω z we get
Let us choose 1 ≤ r < q. For any 0 ≤ z < 1 and any κ ≥ 1 xr , with x r as in Lemma 7, we have
We then have from Lemma 7
and from (61) and (62)
and the claim follows taking the limit r → q.
We have proven that the quantum-classical channel that associates to a quantum state its Husimi Q representation is asymptotically equivalent to the Gaussian quantum-limited amplifier with infinite amplification parameter (Theorem 4). This equivalence has permitted us to determine the minimum Wehrl entropy among all the quantum states with a given von Neumann entropy, and prove that it is achieved by a thermal Gaussian state (Theorem 7). This result determines the relation between the von Neumann and the Wehrl entropies. The same equivalence has also permitted us to determine the p → q norms of the aforementioned quantum-classical channel in the two particular cases of one mode and p = q, and prove that they are achieved by thermal Gaussian states (Theorem 6). A proof of Conjecture 2 for any M , p and q would determine the p → q norms of this quantum-classical channel for any M , p and q. The Husimi Q representation of a quantum state coincides with the probability distribution of the outcome of a heterodyne measurement performed on the state. Then, our results can find applications in quantum cryptography for the quantum key distribution schemes based on the heterodyne measurement [31, 32] . 
SinceD(z) is strongly continuous in z [18] , it is also weakly continuous, and we have for any n ∈ N lim z→0 ψn|D(z)|ψn = 1 .
Lemma 7
For any 1 ≤ r < q and any 0 ≤ x ≤ xr, with
we have
Proof Let us define φ(x) := 1 − r x − (1 − x) q .
We have φ(0) = 0, and φ ′ (x) = q (1 − x) q−1 − r .
The claim follows since φ ′ (x) ≥ 0 for any 0 ≤ x ≤ xr.
(103)
Lemma 8 The function f defined in (76) is increasing and convex.
Proof Since g is increasing, also g −1 is increasing, and f is increasing. We will prove that f ′′ (x) ≥ 0 for any x > 0. We have for any y > 0 f ′′ (g(y)) = − g ′′ (y)
where h(y) := − g ′ (y) (1 + y) g ′′ (y) = y ln 1 + 1 y ≤ 1 .
The claim then follows since g is concave and g ′′ (y) < 0.
